We analyze recent results on isoscalar ππ scattering from a N f = 2 + 1 lattice simulation by the HadronSpectrum collaboration by re-summing the two-flavor chiral scattering amplitude of the next-to-leading order in the so-called inverse amplitude method. The lattice data can be well extrapolated to the physical pion mass. We also find that both I = 0 and I = 1 lattice data can be described simultaneously for pion masses up to M π = 236 MeV.
Introduction
The isoscalar ππ scattering amplitude has attracted much interest due to the existence of the broad f 0 (500) resonance relatively close to threshold. The resonance, called σ in the following, is difficult to distinguish from a structureless background in the δ 00 partial wave and cannot be described by a Breit-Wigner resonance. Additionally, there exists a zero in the amplitude below threshold which contributes to the uncommon lineshape of the resonance [1, 2] . Due to these obstacles a reliable determination of the pole position of the σ was difficult until the use of Roy equations together with Chiral Perturbation Theory resulted in a very precise extraction of the pole far in the complex plane [3, 4] .
Calculating the isoscalar partial wave amplitude from first principles of QCD has been a challenge. Many lattice QCD simulations have been performed in recent years measuring phase shifts in the isovector channel of ππ scattering [5] [6] [7] [8] [9] [10] [11] [12] . However, in the isoscalar channel, despite pioneering simulations in the past [13] [14] [15] , phase shifts were never determined due to disconnected quark diagrams among other problems. Only recently the challenging task of measuring the isoscalar channel has been performed by the HadronSpectrum collaboration [16] at M π = 236 MeV and M π = 391 MeV. The phase-shifts in this sector were extracted using the Lüscher framework [17] in combination with moving frames [18] .
The purpose of the present paper is to extrapolate the phase shifts from Ref. [16] to the physical point using Chiral Perturbation Theory (ChPT). As a low-energy effective theory of QCD [19] the latter reconciles correlation functions measured in setups with different quark masses. However, in the strict perturbative sense of such an effective theory the radius of convergence is limited, see e.g. Refs. [20, 21] . Further, unitarity is fulfilled only up to a given order in such an expansion. On the other hand, imposing unitarity can constrain the pole positions of the σ (I = L = 0) and ρ (I = L = 1) resonances from the low-energy ππ scattering amplitude as shown in Ref. [22] , see also the recent exhaustive review [23] on the properties of the σ resonance. This is the motivation behind numerous methods, developed over the last two decades, to ensure elastic unitarity when starting from a given ChPT amplitude at a given order, see, e.g., Refs. [24] [25] [26] [27] [28] [29] . Quite recently, the quark-mass dependence of the sigma pole was studied in a different approach [30] , employing a Resonance Chiral Lagrangian for the σ resonance. We wish to emphasize that the lattice data on isoscalar phase shifts were extracted directly from the plots of the preprint [16] , i.e. we rely on data that have not yet gone through peer-review at the date of submission of this manuscript. Furthermore, we take the correlations among the energy eigenvalues in the ρ channel into account, whereas those of the σ channel are not included in the present analysis.
In Sec. 2 we recall the basic features of the modified inverse amplitude method. Then, in Sec. 3 we compare the extrapolation of this and two other methods of unitarized chiral perturbation theory (UChPT) to the lattice QCD phase shifts of Ref. [16] . In Sec. 4 the phase shifts of Ref. [16] themselves are analyzed and extrapolated back to the physical point using 1-loop UChPT. As the UChPT approach should be in principle capable to describe various quantum numbers in ππ scattering simultaneously, we also perform fits to the isoscalar and isovector channels at the same time, using the isovector lattice QCD phase shifts by the HadronSpectrum collaboration [11, 12] in addition to their isoscalar ones. Of special interest are the values of the low-energy constants and their consistency with standard ChPT values that is discussed in depth in the same section. Finally, we discuss the properties of the σ resonance and in particular its coupling to two pions as a function of the pion mass.
Formalism
To establish a reliable connection between scattering amplitudes at different pion masses, but also to address the non-perturbative regime of ππ scattering, we rely in the following on the so-called inverse amplitude method (IAM) [31] . It has been shown to be very successful in describing all experimental data on ππ scattering [26, 27] . In the following, we briefly discuss the main properties of the IAM referring for further details and derivation techniques to the original publications, i.e., Refs. [26] [27] [28] [29] [31] [32] [33] .
The inverse amplitude method is based on the leading (LO) and next-to-leading order (NLO) chiral amplitudes projected to a specific isospin (I) and partial wave (L), namely T IL 2 (E) and T IL 4 (E), respectively. A unitary scattering amplitude T IL IAM (E) is derived using dispersion relations,
which indeed reproduces the usual chiral expansion up to the next-to-leading order. At the leading order, the chiral amplitude is a function of energy, Goldstone-boson mass, M 2 = B(m u + m d ), and pion decay constant in the chiral limit, F 0 , only. The amplitude T IL 4 , however, involves two 1 low-energy constants (LECs)l 1 andl 2 . Two additional low-energy constantsl 3 ,l 4 enter the NLO chiral amplitude when replacing the above mass and decay constants by their physical values using one-loop results from Ref. [34] ,
Note that thel i are scale-independent constants, depending only on the parameters of the underlying theory -the quark masses. Therefore, they are of no use for extrapolation of the scattering amplitude to different quark masses. However, they are related to the scale dependent, quark-mass independent renormalized LECs via
Hence, for a fixed scale µ one can determine the renormalized LECs and then make predictions for the two-particle scattering for a setup with a different physical pion mass. In the course of this work we will fix the scale to µ = 770 MeV. It is further important to note that chiral symmetry dictates that the isoscalar ππ amplitude vanishes at some energy below threshold. Therefore, the IAM scattering amplitude (1) becomes singular in this energy region. A modification of IAM (mIAM) was derived in Ref. [27] to overcome this so-called Adler Zero singularity. Using dispersion relations, [RIGHT] Behavior of the isoscalar resonance pole position with increasing pion mass for the LO BSE approach. The numbers denote the ratio of the pion mass to the physical one, whereas the shape of the numbering denotes the corresponding Riemann sheet -squares for the second and ellipses for the first one.
could be predicted. The position of the bound state can be read off Fig. 1 as the intersection of the gray dashed line with the actual p cot(δ 00 ) prediction. As a matter of fact the presence of such a bound state was discussed in the original work on mIAM, Ref. [27] , which, however, appeared there at much larger pion masses. This discrepancy might originate from two reasons: 1) Based on the chiral expansion of the scattering amplitude to a finite order, the mIAM cannot have an infinite range of validity. This range might well be exhausted at pion masses as large as three times the physical one. If this is true, then the amplitude itself has to be modified, e.g., by including higher chiral orders [33, 42] ; 2) In view of the rather good prediction in the isovector case, fixed through only two independent combinations of LECs, it may also be that including new (lattice) data shifts the LECs such that experimental and lattice data can be reconciled. For example, all four SU(2) LECs enter the determination of the isoscalar amplitude potentially leading to large correlations among them. Here, the additional information from the pion mass dependence will impose new and independent constraints, disentangling the correlations in the LECs. Here, we only consider this possibility and leave the inclusion of higher chiral orders in the interaction to future work. (b) As previously discussed, the isoscalar ππ amplitude from a re-summation of the lowest order (LO) chiral amplitude already leads to the generation of a pole for the σ [24] . We therefore also consider the chiral prediction for this simplest of the considered amplitudes. We restrict the coupled-channel formalism of Ref. [24] to a one-channel Bethe-Salpeter equation (BSE), which in the on-shell approximation reads
Here, G(E) denotes the usual one-loop function evaluated with a cutoff, see Ref. [24] , choosing it for the present qualitative discussion to be 1 GeV. Further, the pion decay constant is set equal to the physical one, which is allowed since the scattering amplitude is determined here only up to the leading chiral order. We obtain the chiral extrapolation shown in Fig. 2 . The corresponding predicted χ 2 values are collected in Tab. 1. The LO BSE approach is capable to describe the lattice and experimental data fairly well, predicting also a bound state. With increasing pion mass the σ resonance pole position in the complex energy plane changes. On the basis of mIAM as described in point (a) the corresponding trajectory was shown for the first time in Ref. [27] . The right panel of the Fig. 2 shows the trajectory using the LO BSE approach for the pion mass increasing from 1 to 3 in units of the physical pion mass. As shown there, the poles move on the second Riemann sheet towards the real axis, becoming virtual states. After they meet at M π ∼ 2.1 in units of the physical pion mass, they split again to two poles, moving in opposite directions on the real axis. Finally, when one of the poles reaches the threshold at M π ∼ 2.5 of the physical pion mass it disappears from the second and reappears on the first Riemann sheet as a bound state. Its binding energy grows then as the pion mass increases. Qualitatively, this pole trajectory shows the same features as described in Ref. [27] for the mIAM scenario (solid orange curve) in comparison to the prediction of Ref. [27] (dashed blue line) and various parametrization of Ref. [16] as well as the dispersive determination of Ref. [33] at the physical pion mass (black dots with error bars).
approach, which, however, appear at much larger pion masses. For example, the jump to the first Riemann sheet occurs there at M π ∼ 3.8 of the physical pion mass, which is 140 MeV heavier than the heavy pion mass of the lattice simulation (M π = 391 MeV). Note that the pole trajectory using the LO interaction is not very reliably determined due to the unknown dependence of the cut-off on the pion mass as well as the fact that the pion decay constant is actually changing for higher pion masses. Nevertheless, it is remarkable how similar the result of mIAM and LO BSE are at the physical pion mass whereas at higher pion masses they deviate strongly from each other. The lattice data actually favors the prediction of the LO approach. This suggests the necessity for a readjustment of the LECs used in the NLO mIAM.
(c) In Ref. [35] , a model on the basis of the inverse amplitude method in three-flavor formulation with ππ and KK coupled channels was used to analyze various lattice QCD simulations of the ρ channel. In the present work, we focus on the light quark sector only. However, the prediction of this model are instructive to understand at which energies the explicit dynamics from the kaon degrees of freedom becomes relevant.
The prediction of this model in the isoscalar channel is shown with the dashed curve in Fig. 2 to the left. We observe that at a pion mass of 236 MeV or less the result is very similar to that of the LO BSE approach. In particular, a bound state for M π = 391 MeV is predicted. However, at the highest considered pion mass, a pronounced drop of p cot δ at the larger values of p 2 appears. The reason is that in this scenario the KK threshold lies in the direct proximity of the considered energy region, namely at p 2 (2M K ) = 0.149 GeV 2 . We conclude that the lattice data at M π = 391 MeV and at high values of p 2 can only be analyzed when addressing the SU(3) effects properly, in particular the role of the f 0 (980) resonance. The four highest lattice data at M π = 391 MeV show a similar drop as the chiral prediction albeit at lower energies. We interpret this as the onset of the influence of the KK channel, possibly through the low-energy tail of the f 0 (980) that appears at lower energies in the lattice simulation than in the prediction. Since the focus of the present work lies in the SU(2) sector only, in the fits to the data we will simply dismiss the last four data of the M π = 391 MeV lattice data. Indeed, we have found that it is impossible to find good SU(2) fits of the combined lattice data when excluding these points.
Extrapolation from unphysical to physical pion masses
In the previous section we have shown that there is some tension between the lattice results on ππ scattering in the isoscalar channel [16] and the chiral extrapolation based on the modified inverse amplitude method (mIAM) of Ref. [26] with LECs fixed to reproduce experimental data in Ref. [27] . It is further shown that a re-summation of the leading order chiral amplitude already leads to quite a decent chiral extrapolation, predicting the presence of a bound Tab. 1. The red and green data points show the lattice data of Refs. [11, 12, 16] at M π = 236 and 391 MeV, respectively. The experimental data from Refs. [36] [37] [38] [39] [40] [41] (lower part) in parameterizations described in the main body of the manuscript. The χ 2 values are marked with a (*) when the corresponding data were predicted, i.e., not the subject of minimization.
state for a lattice setup with M π = 391 MeV. Therefore, the question is what new constraints on the values of the low-energy constants can be put when including new lattice data.
There are different scenarios, which we can test using the data of Refs. [11, 12, 16] addressing the following issues:
1) The ππ scattering phases are extracted from simulations performed at two different pion masses, i.e. M π = 236 and 391 MeV. Using either one or both sets we can test the range of applicability of the mIAM. From the discussion in the previous section and the result shown in Fig. 1 we expect that at least the lighter pion mass setup is well within this range;
2) At not too large pion masses the ππ interaction in the isovector channel is rather small at the leading chiral order. Thus, higher order terms are required to reproduce the ρ-resonance via re-summation techniques. We expect that whether both (σ and ρ) or one channel (σ only) is used as input for the fit, will have sizable effect on the obtained LECs, or, at least, their uncertainties;
3) Pion decay constants at unphysical pion masses have been determined in Ref. [35] using the fit of Ref. [28] that well describes F π from lattice measurements up to at least M π ≈ 400 MeV. Using these decay constants as well as the NLO chiral formula Eq. (2) one of the LECs can be constrained to be l r 4 = +0.0083 reducing the number of parameters from 4 to 3. Note that this value is well within the error bars of the older determination [19] , which was used in the mIAM of Ref. [27] ;
In the following, we will refer to the eight fit scenarios as mIAM n σ(...)ρ(...) where n indicates the number of free fit parameters (3 or 4) and the subscript denoting the channel (σ, ρ) and pion mass of the fitted data. In all cases, the fits are performed by minimizing the χ 2 using the central values of Ref. [27] as starting points. As argued before, the four data at the highest energies of the 391 MeV data set are omitted. For the fit, the correlations between energies W and phase shifts δ(W), or p(W) cot δ(W), are given by the Lüscher formalism and are taken into account. For the energy eigenvalues of the ρ channel, the correlations among the energy eigenvalues themselves were available and were taken into account through correlated χ 2 fitting.
The resulting LECs and the corresponding best χ 2 /d.o.f. values are collected in Tab. 1. The error bars in all our results were determined as follows: First, a large number of ensembles of fully re-sampled lattice data sets were generated taking into account the above-mentioned correlations. Then, starting from the best fit parameters, each re-sampled data set was refitted. Finally, uncertainties on LECs and phase shifts were determined from that set of refits. Both LECs and phase shifts (at a given fixed energy) sometimes exhibit very non-Gaussian distributions in their bootstrap samples. Instead of determining the variance from bootstrap samples it is then more meaningful to cut off the lower and higher ends of the distribution to obtain the 68% confidence interval represented by the bands for the phase shifts and the errors for the LECs. Due to the high degree of non-linearity in the fit, sometimes the best fit lies almost at the boarder of the confidence interval as Tab. 1 shows.
We have first tried to fit the data in the isoscalar channel at M π = 236 MeV only. However, the LECs acquired very unnatural values and the chiral extrapolation to the physical point was not satisfying. The reason lies in too much freedom for the fit function compared to the number of data points. This overfitting happens with and without fixing l r 4 . Therefore, we desist from further discussions of this fit scenario.
Furthermore, it is notable that when l r 4 is used as a free parameter, its value tends to be negative in all fit scenarios as Tab. 1 shows. Similarly, large negative values of l r 4 have been found by fitting the isovector channel in Ref. [44] , i.e. l r 4 = −28 · 10 −3 . However, this is in conflict with the fact that the pion decay constant is a monotonically rising function of the pion mass, see, e.g., Refs. [45, 46] . In view of Eq. (2) l r 4 has to be positive in the relevant pion mass range. Thus, the 3 parameter fits can be considered as more consistent.
Fitting the σ(236) and σ(391) data leads to quite decent χ 2 values as shown in the fourth and seventh column of Table 1 , both for the fitted data and the chiral prediction at the physical point. However, the corresponding LECs are unnaturally large for both the three-and four-parameter scenarios. At this point it is worth mentioning that we tried different strategies to restrict the LECs in the fits to be close to the values of Ref. [27] , resulting always in unsatisfactory descriptions of the lattice data in the σ channel. This is a problem because the IAM coincides with the perturbative chiral expansion up to the next-to-leading order. Therefore, when the pion mass as well as the energy are not too high, the LECs are expected to be close to their standard ChPT values, see Ref. [47] . On the other hand, it is clear that due to the bound state, observed close to the threshold in the σ(391) setup, the effects renormalizing the usual chiral LECs can be enhanced. In conclusion, the fits mIAM 3/4 σ(236,391) allow one to reconcile the lattice data at two different masses and to deliver a good chiral post-diction of experimental phase shifts as shown in Fig. 3 to the left, but at the price of rather large LECs.
In summary, the heavy lattice data in the σ channel obviously lead to problems in the size of the LECs, and the fit to only the light data is not well constrained due to large uncertainties. The next logical step is therefore to include data from other quantum numbers in ππ scattering at light masses. The HadronSpectrum collaboration has also extracted phase shifts for the I = L = 1 channel at the same pion masses of M π = 236 and M π = 391 MeV [11, 12] . As a first test, we have fitted the ρ-data at M π = 236 MeV only, resulting in very similar values and correlations of LECs as in Ref. [44] .
Next, we fit the lattice phase shifts at M π = 236 for both the σ and the ρ channels simultaneously with three parameters. This indeed stabilizes the LECs at natural values not too far away from the ones of Ref. [27] as shown in Tab. 1 in the fifth column. The first row in Fig. 4 shows the best fit (solid red lines for the data at M π = 236) and the predictions for the physical and the heavy pion masses (blue and green solid lines, respectively). While the prediction of the experimental phase shifts in the σ channel is good, it is not satisfactory in the ρ channel. One can understand this by noting that, with l r 4 fixed, the only free parameter in the ρ-channel is given by the combination −2l [44] as mentioned above. It seems that such a large negative value is always required to obtain a good fit and good chiral prediction in the ρ sector (see also the fit in the last row of Fig. 4) .
Finally, one can include the lattice phase shift at the heavy pion mass (M π = 391 MeV) for fitting both the σ and the ρ channel to study the consistency of the model with data. The three-parameter fit exhibits a deteriorated χ of the fitted data and a rather bad post-diction of experimental data (second row of Fig. 4 ). If l r 4 is released the fit and prediction in the ρ sector are quite good while the fit of the σ phase shifts at M π = 236 is worse than in other considered cases, and so is the prediction of the experimental phase shifts. The small number of lattice phase shifts in combination with rather large uncertainties might be responsible for this, giving the σ phase shifts at M π = 236 simply not enough weight in the χ 2 . Comparing fit results for mIAM n σ(236)ρ(236) with mIAM n σ(236,391)ρ(236,391) for both n, the systematic limitation of the range of validity of the mIAM becomes even more evident. Seemingly a good fit to the 391 MeV data can only be obtained sacrificing the agreement with the experimental data. Or stated differently, if the prediction at the physical point agrees with the experimental data, it differs significantly from the lattice data at the highest pion mass.
Finally, for unphysical pion masses we predict the pole position and its residue |g σππ | that is a measure of the σ coupling strength to ππ. Specifically, we address the discrepancy of the mIAM chiral predictions of |g σππ | made in Refs. [27] [28] [29] and the analysis of Ref. [16] . In Tab. 2 the results derived in Ref. [16] from fits to the lattice data on the σ using different parameterizations, are compared with the outcome of the approaches discussed in this work and with the most recent dispersive determination of the resonance parameters at physical pion masses [23] . The error bars on our predictions were determined again via re-sampling. The M π dependence of the pole residuum |g σππ | is depicted in the right part of Fig. 3 (solid orange line) , considering the extrapolation mIAM 3 σ(236,391) , together with the prediction using the LECs of Ref. [27] (blue dashed line) as well as the outcome from the parameterizations discussed in Ref. [16] and dispersive determination of Ref. [23] (points with error bars).
The movement of the isoscalar pole in the framework of the mIAM was discussed in Sec. 3 and is reflected in Fig. 3 via three steps: 1) The residuum grows rapidly with the pion mass when the pole moves towards the real energy axis, see also right part of Fig. 2 . A first kink in |g σππ | is observed when the pole reaches the real axis at M π ≈ 280 MeV; 2) Now, the pole separates into two and one of the poles moves along the real energy axis upwards to the two-pion threshold (the residue of the other pole moving to smaller energies is not shown), with a decreasing residue that becomes zero at M π ≈ 320 MeV; 3) At this pion mass the pole "jumps" from the second to the first Riemann sheet leading to the second kink in |g σππ |. With further increasing pion mass the strength of the pole increases again as the state becomes more bound. This behavior is common to mIAM as well as to the LO BSE approach. However, the scaling of the trajectory with the pion mass and the pion mass beyond which a bound state appears can only be determined by taking the recent lattice data of Ref. [16] into account. The pole and residue trajectories predicted here suggest that it would be very enlightening to measure the isoscalar phase shift in a range of pion masses between 280 and 320 MeV, to confirm or reject the unusual behavior of the σ pole.
Summary
We have tested the modified inverse amplitude method (mIAM), which matches with the chiral expansion up to the next-to-leading order, against lattice QCD data in the isoscalar and isovector channels of two-pion scattering that were recently determined by the HadronSpectrum collaboration. Our analysis is preliminary insofar that the lattice data in the isoscalar channel have not been peer-reviewed at the date of submission of this manuscript. In the isoscalar channel a reconciliation of the lattice data at two different pion masses (M π = 236 MeV and 391 MeV) with the experimental phase shifts is possible within the mIAM. However, the resulting low-energy constants are unnaturally large. The inclusion of the isovector data in a simultaneous fit to phase shifts at M π = 236 MeV leads to smaller lowenergy constants in the vicinity of the standard values from ChPT. However, in such fit scenarios the experimental data and the lattice data at the highest pion mass M π = 391 MeV cannot be reproduced simultaneously using the modified inverse amplitude method.
Furthermore, we have analyzed the behavior of the σ pole position and its strength as a function of the pion mass. Qualitatively, a similar behavior as discussed in Ref. [16] was found. However, the imaginary part of the pole position as well as its strength are somewhat larger than in the ChPT inspired models, discussed in the present work. Our analysis suggests that the pole corresponding to the σ resonance changes the Riemann sheet at roughly M π = 320 MeV. In this region the σππ coupling changes rapidly with the pion mass. Therefore, it would be specifically interesting to have lattice QCD data at this pion mass allowing for a critical test of ChPT inspired re-summation models.
